Abstract: The swinging up control for a remotely driven Acrobot (RDA) is studied and an energy based controller is designed via the Lyapunov stability theory. The analysis of convergence of the energy as well as the motion of the RDA under the controller is presented. The conditions on control parameters for achieving a successful swinging up control are given. Furthermore, simulation and experimental results are provided to validate the presented theoretical results.
INTRODUCTION
Underactuated mechanical systems, which have less number of actuators than that of generalized coordinates, have been eagerly studied for more than a decade from the perspectives of lightening weight, increasing reliability and saving energy. However, controlling those systems is very challenging due to inherently complex nonlinear dynamics and nonholonomic behavior, see e.g., (Kolmanovsky and McClamroch, 1995; Spong, 1995) .
The Acrobot, which is a 2-link planar robot with the first link being attached to a passive joint, has been studied as a typical example of underactuated mechanical systems, see e.g., (Spong, 1995; Brown and Passino, 1997; Berkemeier and Fearing, 1999; Zergeroglu et al., 1999) . There are two types of the Acrobot: one is the directly driven acrobot (DDA) (Hauser and Murray, 1990; Spong, 1995) for which the second joint is directly driven, and the other is the remotely driven acrobot (RDA) (Bortoff, 1994; Zergeroglu et al., 1999; Fujiwara et al., 2003) for which the second joint is remotely (indirectly) driven, e.g., through a belt. Indeed, the control torque is applied to the relative angle between two links for the DDA, while to the absolute angle of the second link to the horizontal for the RDA in (Fujiwara et al., 2003) .
Many research efforts have been made to investigate the energy based control approach to controlling underactuated mechanical systems, e.g., for the swinging up control of the cart-pole system (Åström and Furuta, 2000) , the Pendubot (Fantoni et al., 2000; Kolesnichenko and Shiriaev, 2002) , the DDA (Xin and Kaneda, 2002) , etc. To best our knowledge, the application of such approach to the swinging up control of the RDA has not been reported yet. Bortoff, 1994) . A control strategy to regulate the first link at any desired position, which is applicable to both the DDA and the RDA, was proposed in (Zergeroglu et al., 1999) ; however, such strategy can not stabilize the upright equilibrium point of the robot, thus it is not appropriate for the swinging up control.
The swinging up control problem for the RDA in (Fujiwara et al., 2003) studied in this paper is: to design a controller under which the RDA can be swung up from any initial state to an arbitrarily small neighborhood of the upright equilibrium point. This guarantees that the balancing control of the RDA about the vertical can then be easily accomplished.
Based on the Lyapunov stability theory, an energy based swinging up controller is proposed. The analysis of convergence of the energy as well as the motion of the RDA under the controller is presented. The conditions on control parameters for achieving a successful swinging up control are given. Furthermore, simulation and experimental results obtained not only validate the presented theoretical results, but also show the fast convergence of the closed-loop solution to a desired homoclinic orbit.
DYNAMIC MODELS OF 2-LINK UNDERACTUATED ROBOTS
Consider a 2-link underactuated robot shown in Fig. 1 . Its motion equation is described as follows:
where q = q 1 q 2 T , scalar τ is control input, and
and c 1 , . . . , c 5 are
Note that the control input transformation matrix B is different for the following underactuated robots: 1). For the Pendubot (Spong and Block, 1995) where only joint 1 is actuated, B = 1 0 T ; 2). For the DDA shown in (Hauser and Murray, 1990; Spong, 1995) where the relative angle between two links, i.e., q 2 is actuated,
3). For the remotely driven Acrobot in (Fujiwara et al., 2003) where the absolute angle of the link 2 is actuated via timing belt,
For the RDA (Fujiwara et al., 2003) considered hereafter, the following transformation
reduces (1) with B given in (7) to
where
Moreover, the upright equilibrium point of the RDA is expressed as (θ 1 , θ 2 ,θ 1 ,θ 2 ) = (0, 0, 0, 0).
Note that under the generalized coordinates q and θ for the DDA and the RDA in (9), respectively, though the control input transformation matrix is same, the corresponding structure of coefficient matrices is different.
THE ENERGY BASED SWINGING UP CONTROLLER
Note that the control objective is to find a controller under which the RDA can be swung up from any initial state to an arbitrarily small neighborhood of the upright equilibrium point.
To this end, by setting the potential energy of the RDA at the upright equilibrium point to be 0, the total energy of the RDA is given by
In what follows, the primary goal is to design a controller such that
where constant E r is a given reference of E and satisfying
This paper will show that theoretically it suffices to choose E r = 0 for attaining the formentioned swinging up control objective. Nevertheless, practically, nonzero E r is expected to increase the robustness of the proposed control strategy against modeling errors.
The following theorem is obtained. THEOREM 1. Consider the RDA described in (9). Let constant E r satisfying (15) be a reference of E. Suppose constant control parameters
k P > 0 and k V > 0, respectively, then the following controller
contains no singular points, and yields
where θ * 2 , E * are constants.
Proof. Consider the following Lyapunov function candidate.
Taking the time derivative of V along (9), together with the propertyĖ =θ 2 τ , yieldṡ
If τ can be chosen such that
In what follows, whether (20) is solvable with respect to τ is discussed. To this end, putting θ 2 = (c 1 τ + Ξ)/∆, which is obtained from (9), gives Finally, owing to (21),V (t) = 0 andθ 2 (t) = 0 will hold as t → ∞. Therefore, V and θ 2 will converge to some constants. This together with Lyapunov function in (19) yields that E will converge to a constant. This completes the proof of Theorem 1.
THE CONVERGENCE OF THE ENERGY AND THE MOTION OF THE RDA
The convergent values E * and θ * 2 are discussed and the motion of the RDA under the controller (17) is analyzed in this section.
First, the following theorem is attained.
THEOREM 2. With the quantities described in Theorem 1, if E * = E r , then the closed-loop solution of the RDA converges to an equilibrium
Proof. If E * = E r , then it follows from (20) with θ 2 = θ * 2 and E = E * that
This shows that τ is constant denoted as τ * in what follows. It follows from (9) that τ * satisfies
Integrating it with respect to time t yields
where α 1 is constant.
Note that Lyapunov function V is bounded due to semi-definite positive ofV in (21). Thus, the energy E is bounded, so isθ 1 . Therefore, since (26) holds for all t, then the relation
must hold, otherwise there is a contradiction that the left side term of (26) is bounded while the right side term is unbounded as t → ∞. Consequently,
holds. Integrating the above equation with respect to time t yields
where α 2 is constant. Since this equation holds for all t, then α 1 = 0. Thus, c 3 sin(θ 1 − θ * 2 ) = α 2 . This shows that θ 1 is a constant noted as θ * 1 . Again from the dynamic model of the RDA in (9), one obtains −c 4 g sin θ * 1 = 0. This shows (23). Finally, putting τ = τ * into (25) gives (24).
Next, define
The following theorem is provided.
THEOREM 3. In addition to the quantities described in Theorem 1, if E r ≥ 0 and control parameter k P satisfies
then under the energy based controller (17), for any initial condition of the RDA, either of the following two statements holds:
i) E * = E r holds, and the closed-loop solution of the RDA converges tȯ
ii) E * = E r holds, and the closed-loop solution of the RDA converges either to the upright equilibrium (θ 1 , θ 2 ,θ 1 ,θ 2 ) = (0, 0, 0, 0) or to the downup (link 1 is down and link 2 is up) equilibrium point (θ 1 , θ 2 ,θ 1 ,θ 2 ) = (−π, 0, 0, 0). Moreover, such down-up equilibrium point is unstable.
Proof. i) If E
* = E r , it follows from (24) that θ * 2 = 0 holds. Thus, (30) is obtained by using formula of energy E in (13).
ii) If E * = E r , Theorem 2 shows that the closedloop solution converges to an equilibrium point satisfying (23) and (24). Under the condition (28), such equilibrium point is to be either the upright or the down-up equilibrium point. To show this, putting E * = c 4 g(cos θ *
Obviously θ * 2 = 0 is a solution of the above equation; it suffices to show the unique solution under the condition (28). To show this, rewrite (32) with η(θ *
Therefore, θ * 2 = 0 is the unique solution of (33) if and only if
is an even function with respect to θ * 2 , and c 4 g(cos θ *
which is a strictly decreasing function of positive integer n. Consequently,
Therefore, under (28), θ * 2 = 0 is the unique solution of (33).
To complete the proof of the statement ii), it suffices to show that the down-up equilibrium point (DUEP) is unstable. Consider an initial state (θ 1 , θ 2 ,θ 1 ,θ 2 ) = (−π + 1 , 0, 2 , 0) near the DUEP. Denoted its energy as E . From (13),
no matter how small is. Since V is non-increasing under the control law (17), therefore, starting from (θ 1 , θ 2 ,θ 1 ,θ 2 ) = (−π + 1 , 0, 2 , 0), the closed-loop solution will not converge to the DUEP. This shows that the DUEP is unstable.
Finally, consider the case E r = 0. The following results follow directly from Theorem 3. COROLLARY 1. With the quantities described in Theorem 3 if E r = 0, then under the energy based controller (17), for any initial condition of the RDA, either of the following statements holds:
i) E * = 0 holds, and the closed-loop solution of the RDA converges tȯ
(θ 2 ,θ 2 ) = (0, 0)
ii) E * = 0 holds, and the closed-loop solution of the RDA converges to the down-up equilibrium point. Moreover, the down-up equilibrium point is unstable.
REMARK 1. (34) is a homoclinic orbit with
θ 1 = 0 (mod 2π),θ 1 = 0 being its equilibrium point. Since the RDA can not be maintained at the DUEP in practice, according to the statement i) of Corollary 1, starting from any initial state, the closed-loop solution will converge to the homoclinic orbit; this shows that the RDA will eventually be swung up to an arbitrarily small neighborhood of the upright equilibrium point. The locally stabilizing controller can be switched on once the RDA enters to a prescribed small neighborhood of the upright equilibrium point.
REMARK 2. If E r = 0, owing to definition of η * defined in (29), inequality η * < 2(c 4 + c 5 )g/π holds. Therefore, inequality (28) on k P can be replaced by a simplified condition
SIMULATION AND EXPERIMENTAL RESULTS
The validity of the developed theoretical results is verified via simulation and experimental investigation to the RDA described in (Fujiwara et al., 2003) .
For the RDA, c 1 = 0.1467, c 2 = 0.1131, c 3 = 0.0904, c 4 = 0.3950, c 5 = 0.3160 and the main mechanical parameters of the RDA are described in Table 1 . Here g = 9.8[m/s 2 ] is taken. The initial condition of the RDA is θ 1 (0) = θ 2 (0) = −π,θ 1 (0) = θ 2 (0) = 0. This means that the RDA is in the downward position.
Take E r = 0. According to (16) and (28), the conditions on k D and k P become k D > 1.57 and k P > 7.97. The following control parameters are chosen: k D = 1.8, k P = 9.7, k V = 6.0.
The simulation results under controller (17) with the above control parameters are depicted in Figs. 2, 3. It is shown from Fig. 2 that θ 2 converges to 0, and link 1 is swung up quickly close to the vertical. It follow from Fig. 3 that E converges to zero, and (θ 1 ,θ 1 ) converges to homoclinic orbit (34).
The experiment of the swinging up control for the RDA has been carried out. The experimental results match the simulation ones in some degree, see Fig. 4 ; the RDA has been shown to swung up quickly and close to the vertical position. Some difference between the simulation and experimental results may be caused by modelling error such as unmodelled dynamics of friction term and uncertainty of mechanical parameters.
As to the role of energy reference E r , the following observation has been obtained. Simulation results show that appropriate nonzero E r can lessen the effect of unmodelled friction to the swinging up control objective; indeed, in contrast to E r = 0, the RDA can be swung up closer to the upright equilibrium point for appropriate nonzero E r . The experiment results exhibit that a swinging pattern of the RDA occurred for zero E r can be changed to a rotational pattern for a positive E r . The further numerical and experimental investigation is being carried out.
CONCLUSIONS
The energy based controller for the swinging up the remotely driven Acrobot (RDA) has been provided and the analysis of the convergence of the energy and the motion of the robot have been completed. The conditions on the control parameters for achieving a successful swinging up for the RDA have been provided. Moreover, this 
